In this work, we employ the Bethe-Salpeter (B-S) equation to investigate the spectra of free diquarks and their B-S wave functions. We find that the B-S approach can be consistently applied to study the diqaurks with two heavy quarks or one heavy and one light quarks, but for two light-quark systems, the results are not reliable. There are a few free parameters in the whole scenario which can only be fixed phenomenologically. Thus, to determine them, one has to study baryons which are composed of quarks and diquarks.
Introduction
The subject of diquarks has attracted attentions of theorists of high energy physics for decades. The reason is obvious. Since baryons are composed of three valence quarks, the three-body system is much more complicated than mesons which are two-body systems of quark and antiquark. If the diquark picture is applied, namely two of the constituent quarks constitute a color-anti-triplet sub-system, the three-body problem can be reduced to a much simpler two-body system. However, one would ask whether QCD, which is responsible for interaction between quarks or antiquarks, favors such diquark structure of two constituent quarks. ature and density, diquark production and even diquark condensation become hot topics [1] . Some authors suggest that pentaquarks are of a diquark-diquark-anti-quark structure [2, 3, 4, 5] , and Zou et al. proposed that there is a pentaquark component in nucleons [6] . All the subjects concern a dynamics which results in the substantial diquark structure.
In 1964 Gell-Mann first proposed feasibility of the diquark structure [7] , then Ida, Kabayashi [8] , Tassie et al. [9] applied the concept to study baryons. Later many authors carefully analyzed the quantum numbers based on the group theory [10, 11, 12] . Anselmino [13] et al. indicated that two heavy quarks or one heavy and one light quarks may constitute stable scalar or axial vector diquark of color anti-triplet [3, 4] . However, for the two light quarks, it is not very clear if a substantial diquark can exist.
In this work we employ the Bethe-Salpeter (B-S) equation to study the spectra of free diqaurks which are composed of two heavy quarks or one-heavy-one-light quarks, we also try to extend this approach to study the diquarks of two light quarks. Our results show that just as for the light pseudoscalar pions, this framework does not work well, unless one considers extra contributions to quark masses. Dai et al. [14] used the method to study the pion structure and recently, Wang et al. [15, 16] employed the same approach to study the diquarks which contain only two light quarks. We will come back to this issue in the last section. While numerically solving the B-S equation, we have employed the method developed by Chang et al. [17] , which is proved to be powerful and efficient in the numerical computations.
This work is organized as follows. After this short introduction, we derive our formulations. In Sec.III, we present the numerical results, and then in the last section, we briefly discuss our results.
Formulation
In this work, we use the B-S equations to study the diquark structure. First we construct the Green's function of the diquark in the 4 × 4 matrix form and derive the corresponding B-S equation.
Structures of diquarks
One can define the B-S wave function of a diquark as [18, 5] 
where i, j, k are color indices which will be omitted later without misunderstanding. A Fourier transformation brings it into the momentum space as
where
Thus the B-S wavefunction in the momentum space reads
where V (P, q; k) is the kernel. Although the B-S equation has the same form as that for mesons, the kernels for the two cases are different. For the diquarks there are no annihilation diagrams which exist for meson case. In fact, the definition of the diquark B-S wavefuntion automatically eliminates annihilation diagrams 1 . Greiner [19] indicates that the B-S equations for quark-quark system (diquark) and for quark-antiquark system (meson) have a formal symmetry.
According to the method given in Ref. [20] , one can obtain an equation group which contains four independent equations.
and ϕ
The B-S wavefunctions are normalized as following:
The kernel for the B-S equation for diquark has been widely discussed by many authors [21] 
To avoid the infrared divergence, one can introduce a convergence factor e −αr . Thus the potentials are respectively 2
and
1 The four-point Green's function for diquark is defined as < 0|T (ψ(x1)ψ c (x2)ψ c (x3)ψ(x4)|0 > whreas for meson it is < 0|T (ψ(x1)ψ(x2)ψ(x3)ψ(x4)|0 >, since ψ(x) andψ c (y) cannot contract, the annihilation diagrams do not exist in the diquar case. 2 In fact, for the Coulomb term, there is no infrared divergence, but the linear confinement, which is in the form of 1/k 4 in the momentum space, diverges. Introduction of a converging factor is necessary and is benign for the Coulomb term.
In the momentume space the potential reads
The running coupling constant α s (q) is
where a is a constant which freezes the running coupling constant at low momentum.
Because diquark exists in the color-3 state, <3|λ a λ a |3 >= 1 2 < 0|λ a λ a |0 >, where |0 > is the color singlet. Thus the coefficient of the Coulomb term, which originates from the one-gluon exchange, is − 2αs 3 for diquarks, whereas it is − 4αs 3 for mesons. The linear potential comes from the non-perturbative effects of QCD, it might have different form for diquark and meson, and so far we cannot determine its exact value from the QCD theory. Thus we introduce a phenomenological parameter β. Indeed, some authors [15] argued that for diquarks, the linear confinement might not exist at all, if so, β = 0. On other aspect, if the dynamics for the bound state of diquark is similar to that for mesons, one should expect β = 0.5, in analog to the coefficient ratio in front of the Coulomb term. We set the parameter to be free within a range of 0 ≤ β ≤ 1.0.
Scalar diquark system
We carry out all the computations in the center-of-mass frame of the diquark, thus P = (M, 0) where P is the total four-momentum of the diquark and M is its mass.
For 0 + diquark, the general form of its wavefunction is
Here we define q ⊥ as (0, q) which is perpendicular to P . Substituting the wavefunction into the equations (7) and (8), we can obtain the constraint conditions
With these constraints, the B-S wavefunction of a 0 + diquark has the following form
. (20) Substituting them into eqs. (5) and (6), we obtain an equation group for the component functions:
The normalization of the component functions is set as
Axial Vector diquark system
The general form of the wavefunction of 1 + diquark reads as
The constraint conditions are
With these conditions the B-S wavefunction of 1 + diquark can be further written as
The coupled equations are
The normalization is set as
Numerical results and discussions
In our numerical computations, the input parameters [21] Besides the spectra of different free diquark states, we also evaluate their mean squareroot radius which is defined as
Our numerical results are tabulated below. In the following tables, we present the results corresponding to different values of β and the vacuum expectation value V 0 (or the zero-point value). Table 3 : diquark mass(GeV) and mean square root radius (fm) with β = 0.5 Table 4 : diquark mass(GeV) and mean square root radius (fm) with β = 0.75 Table 5 : diquark mass(GeV) and mean square root radius (fm) with β = 1.0
In the approach, we take the parameters which are obtained by fitting data for mesons [20, 21] , then the only parameters which can be adjusted are β and V 0 . There are several remarks to make.
(1) The masses of 0 + and 1 + diquarks which are composed of two heavy quarks or one-heavy-one-light quarks tend to be degenerate. This is understandable in the heavy quark effective theory (HQET) [22] and the results are consistent with that given in refs [4, 23] .
(2) With the same β value, the estimated masses of diquarks increase as V 0 is larger. It is also observed from the numerical results, that for lighter diquarks the axial diquark is 200 MeV heavier than the corresponding scalar diqaurk which is consistent with [24] and the lattice calculations [23] . As indicated, our approach might be suspicious for dealing with light diquarks, however, consistency of the numerical results with that obtained in other approaches indicates its limited plausibility. We will discuss this issue in next section.
Discussion and conclusion
In this paper we systematically construct the wavefunctions of the scalar and axial vector diquarks and then numerically evaluate their spectra.
There are several free parameters which cannot be determined so far, because the diquarks are not experimentally measurable. If one tries to fix the parameters, he has to deal with the diquarks which reside in baryons. However in that case, the diquarks are no longer free. As the first step, in our work, we investigate the free diquarks which cannot independently exist in real world, and in our later works, we will take into account the effects due to existence of the extra quark in baryon. We employ the Bethe-Salpeter theory to study their spectra and some characteristics. One of the free parameters is β which signifies the difference for the non-perturbative QCD confinement effect between diquark and meson and from a naive consideration, it should be within a range 0 ≤ β ≤ 1.0. Our numerical results confirm that as β > 0.75, there is no solution. Another important parameter is V 0 which stands as the zero-point energy (in the momentum space, it has a form of ∝ V 0 δ 3 (q)). In the case of mesons, we know well that such zero-point energy must be introduced to meet the data. In the case of diquark, it plays even more important role as it severely determines the characteristics of the two-quark system. Moreover, as we apply the B-S approach to evaluate the diquarks of two heavy quarks or one-heavy-one-light quarks, everything works well, however, once we extend the same approach to the system of two light quarks, the solutions do not seem to be reasonable, or there are no solutions at all as the parameters take certain values. It is not surprising, because as well known, it is hard to use either the potential model or B-S equations to deal with pions which are supposed to contain q andq ′ with q, q ′ being u, d quarks. It is believed that the quark masses in this case are not simply a constant. The case about pions are carefully analyzed by Dai et al. [14] and the diquark system with two light quarks are studied by Wang et al. [15] .
Indeed the diquark is not color-singlet and not a real physical state. It resides, generally, in baryons. Therefore, the estimated mass and mean square-root radius of a free diquark may be different from its practical value in baryons, because of the QCD interaction of the extra quark with this subject (diquark), if it indeed exists. That is the goal of our next work.
In the relativistic quark potential model, Ebert et al. [25] obtained the values of the masses and < r 2 > 1/2 as 3.226 GeV, 0.56 fm and 9.778 GeV, 0.37 fm for 1 3 S 1 of the axial diquarks cc and bb respectively, with inputs m c = 1.55 GeV and m b = 4.88 GeV. Comparing our results with theirs, deducing the rest mass contributions (2m c and 2m b ) whereas we employ larger input values for m c and m b in the numerical computations, our spectra are consistent with theirs and the mean square-radius estimated in this work is about 1.2 times larger than that given in ref. [25] . Considering theoretical uncertainties, our results are qualitatively consistent with the values of ref. [25] .
For lighter scalar diquarks, many authors estimated their spectra and obtained widely diverging results. For example, the authors of [26, 27, 28] obtained M (ud) 0 + ≤ 0.3GeV , whereas the authors of [29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39] got M (ud) 0 + = 0.3−0.6GeV , but M (ud) 0 + > 0.6GeV was suggested in Refs. [40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50] . For M (us) 0 + , it is estimated as 0.63GeV [29] , 0.88GeV [40] , 0.948GeV [45] and 0.895GeV [51] . For M (ud) 1 + , it is estimated as 0.614GeV [31] , 0.806 ∼ 0.95GeV [23, 41, 45, 51, 40 ], 1.05GeV ∼ 1.27GeV [34, 48, 47] , > 1.27GeV [52] . For M (us) 1 + , 1.069GeV [45] and 1.5GeV [51] . For M (ss) 1 + , it is estimated as 1.203GeV [45] and 1.215 GeV [51] . The mass of (cu) 0 + is given as 1.933GeV [53] . The various numbers indicate large theoretical uncertainties. To fix them, one needs to apply the results to baryons which is compose of diquarks and are observable physical states.
As suggested, there could be the 1/2-rule that all the corresponding values and probably V 0 employed for the diquarks, i.e. β and V 0 should be 1/2 of the values for mesons. This rule follows the assumptions that the governing interaction is QCD, thus both shortdistance (the Coulomb) and the long-distance (the confinement) are proportional to the expectation value of the Casimir operator < λ a λ a > where λ a is the SU(3) Gell-Mann matrix. If so, the set of results with β = 0.5 should be more reasonable. However, the situation may be more complicated. Thus in this work, we keep it as an adjustable free parameter. As we indicated above, the diquark is not a physical state, so that to fix the parameter we need to put them into the baryons, or may be in the future, as hoped, in the high-energy heavy ion collisions, free diquark might be directly produced, and then we can have more information about its structure.
Indeed, until we know how the diquark interacts as a whole object with gluons, we cannot more reliably estimate the baryon case and evaluate the production rate and decay width of the baryon in the quark-diquark picture. Therefore, in our coming work, we are going to derive all the form factors at the effective interaction vertices as the diquarks are treated as a whole object.
